Dedicated to the memory of my mother, Chieko Morishita
Introduction
In this article, we try to bridge two fields, knot theory and algebraic number theory, which branched out after the works of C.F. Gauss and have grown up in their separated ways during a century and a half, from the viewpoint of the analogies between knots and primes. We hope that our attempt would provide new insights and problems to both fields.
2000 Mathematics Subject Classification. Primary 11R, 57M This article is the expanded English translation of [56] with up-dated references and will appear in Sugaku Expositions, AMS. The original version [55] of this article was written during 2002-2003. Historically, the 3-dimensional view for a number ring was recognized for the first time when J. Tate, M. Artin and J.-L. Verdier gave a topological interpretation of classfield theory. Namely, the classical classfield theory by T. Takagi -E. Artin is restated as a sort of 3-dimensional Poincaré duality in theétale cohomology of a number ring ( [44] ). The analogy between knots and primes was firstly pointed out by B. Mazur from this homotopical viewpoint, during that time, in the middle of 1960's (and also by Y. Manin). However, it would be fair to say that even during this period and afterward, number fields have been commonly regarded as analogues of algebraic function fields of one variable along with the development of arithmetical algebraic geometry. In recent years, M. Kapranov and A. Reznikov took up the analogy between number fields and 3-manifolds again ( [29] , [70] , [71] ) and christened the study of those analogies arithmetic topology. My own independent study of the analogies between knots and primes was based on an analogy I noticed between the structures of a Galois group with restricted ramification and of a link group. In particular, the analogies between classical invariants in knot theory and algebraic number theory such as linking numbers and power residue symbols, Alexander polynomials and Iwasawa polynomials are clearly explained from this group-theoretic point of view ( [51] , [54] , [57] , [58] , [59] ). For instance, we can introduce the arithmetic analogues of Milnor's higher linking numbers and then Gauss' genus theory is generalized in a natural way from the standpoint of this analogy. In this article, I will explain the basic ideas, motivations and results in my recent work, hoping that this survey would provide a foundation for the future study of arithmetic topology.
As we shall see in the following, the analogy between primes and knots is well-suited with the arithmetic (for example, classfield theory) originated from Gauss' Disquisitiones Arithmeticae. Furthermore, as Gauss' linking number was connected to the electro-magnetic theory from its origin, the analogy between number theory and knot theory seems to be extended to the connection involving quantum field theory, dynamics etc (cf. [8] , [28] , [42] etc). I would like to e-mail Gauss in heaven and ask "Is this circle of thoughts what you dreamed to explore ?". in-Aid for Scientific Research, Ministry of Education, Culture, Sports, Science and Technology, Japan.
Throughout this article, we write π 1 (X) (omitting a base point) for the fundamental group (resp.étale fundamental group) of a topological space (resp. a scheme) X. A manifold is assumed to be oriented and connected.
Knots and primes
A circle S 1 is homotopically the Eilenberg-MacLane space K(Z, 1) and hence its arithmetic analog is K(Ẑ, 1) (Ẑ being the pro-finite completion of Z) etale homotopically, namely, a finite field Spec(F q ):
A finite cyclic covering S 1 = R/nZ → S 1 = R/Z corresponds to a finite cyclic extension F q n /F q , and the loop l ∈ π 1 (S 1 ) = Gal(R/S 1 ), l(x) = x+1 (x ∈ R)), corresponds to the Frobenius automorphism Fr ∈ π 1 (Spec(F q )) = Gal(F q /F q ), Fr(x) = x q (x ∈ F q ):
∈ π 1 (S 1 ) ←→ Fr ∈ π 1 (Spec(F q )).
A tubular neighborhood
is homotopy equivalent to S 1 and V \ S 1 is homotopy equivalent to the 2-dimensional torus ∂V . On the other hand, for a p-adic integer ring O p with residue field F q and the p-adic field k p , Spec(O p ) is homotopy equivalent to Spec(F q ) and Spec(O p ) \ Spec(F q ) is Spec(k p ). Thus Spec(O p ) and Spec(k p ) are seen as analogues of V and ∂V respectively. In fact, we find the analogies between their fundamental groups as follows. For the natural homomorphism π 1 (∂V ) → π 1 (V ) = π 1 (S 1 ), its kernel is the infinite cyclic group generated by a loop α = {a} × ∂D 2 (a ∈ S 1 ), called a meridian, and the inverse image β = S 1 × {b} (b ∈ ∂D 2 ) of l ∈ π 1 (S 1 ) is called a longitude. The group π 1 (∂V ) is a free abelian group generated by α and β which are subject to the relation [α, β] := αβα −1 β −1 = 1. On the other hand, for the natural homomorphism π 1 (Spec(k p )) → π 1 (Spec(O p )) = π 1 (Spec(F q )), its kernel I p is called the inertia group and the inverse image σ of Fr ∈ π 1 (Spec(F q )) is also called (an extension of) Frobenius automorphism. The maximal tame quotient of I p is topologically generated by a monodromy τ and the maximal tame quotient π tame 1 (Spec(k p )) of π 1 (Spec(k p )) is topologically generated by τ and σ which are subject to the relation τ q−1 [τ, σ] = 1.
A knot is an embedding of S 1 into a 3-dimensional manifold M. On the other hand, for the ring of integers O k of a number field k of finite degree over Q, it was shown by M. Artin and J.-L. Verdier ( [44] , [47] ) that Spec(O k ) has cohomological dimension 3 (up to 2-torsion) and enjoys a sort of 3-dimensional Poincaré duality inétale cohomology. Thus Spec(O k ) is seen as an analogue of a 3-manifold:
For a prime ideal p( = 0) of O k with residue field
is then seen as an analog of a knot in view of (1.1) and
Since π 1 (Spec(Z)) = 1 (Hermite-Minkowski) in particular, by analogy with the Poincaré conjecture, Spec(Z) added by the infinite prime is seen as an analog of the standard 3-sphere S 3 and the prime ideal (p) of Z (p being a prime number) looks like a knot in R 3 :
Here we regard S 3 as the end-compactification of R 3 by identifying ∞ with the end of R 3 , and see the infinite prime of Q as an analogue of the end. In general, the set of infinite primes of a number field may be seen as an analogue of the end of a non-compact 3-manifold ( [8] , [68] ).
For a knot K in a closed 3-manifold M, the complement X K of the interior V o K of a tubular neighborhood V K of K in M is a compact 3-manifold with boundary ∂V K and the fundamental group G K := π 1 (X K ) = π 1 (M \ K) is called the knot group of K. The knot group G K reflects how K is knotted in M. In fact, it was shown by by W. Whitten, C. Gordon-J. Luecke that for prime knots K and L in S 3 ,
A meridian and a longitude of a knot K means the 2 loops α and
is called the peripheral group of K. For the case M = S 3 , the knot group G K has a Wirtinger presentation ( [5] ) which implies that G K is generated by conjugates of I K = α .
On the other hand, according to (1.2), the p-adic field Spec(k p ) for a prime ideal p of O k plays a role of the "boundary" of X p := Spec(O k ) \ {p}, and the fundamental group G {p} := π 1 (X p ) reflects how a prime p is knotted in Spec(O k ). Following the case of a knot, we call G {p} the prime group of p. As an analogy of (1.4), we note the following: for prime numbers p and q, we have
The analogue of the peripheral group D K is the decomposition group D {p} := π 1 (Spec(k p )) (or its maximal tame quotient for closer analogy). As an analogy of the Wirtinger presentation, we see that G {(p)} is topologically generated by conjugates of the inertia group I {(p)} :
For a number field k and a finite set S of prime ideals, theétale fundamental group π 1 (Spec(O k \ S)), which is the Galois group G S = Gal(k S /k) of the maximal extension k S over k unramified outside S and the set of infinite primes, is seen as an analogue of a link group:
The Galois group G S is huge in general, and it is unknown whether even G {(p)} is finitely generated or not. The author thinks that it is one of the fundamental problems in number theory to understand how a prime Spec(F p ) is embedded in Spec(Z) and this is the very theme studied in knot theory.
It has been commonly known that Spec(O k ) is an analogue of an algebraic curve C over a finite field F q . By the exact sequence 1 → π 1 (C ⊗ F q ) → π 1 (C) → π 1 (Spec(F q )) → 1, a curve C is seen homotopically as a surfacebundle over a "circle" Spec(F q ) with fiber C ⊗ F q . Since a number ring has no constant field, there is no analogy between the structures of π 1 (Spec(O k )) and π 1 (C), and in fact π 1 (Spec(O k )) behaves in a quite random manner like 3-manifold fundamental groups π 1 (M). We also note that the analogy of (1.4) and (1.5) does not hold for two points on an affine line. In Iwasawa theory, for a prime number p, a Z p -extension k ∞ /k obtained adjoining all p n -th roots of unity for n ≥ 1 is regarded as an analog of the constant field extension ( [26] ). However, k ∞ /k is an extension ramified over p, while C ⊗ F q is an unramified covering of C. It is our viewpoint that k ∞ /k should be regarded as an analog of the tower of cyclic coverings of 3-manifolds branched along a knot (cf. Section 7). Thus, it seemed to me that it is more natural to see the Galois group G S above as an analogue of a link group rather than a fundamental group of a Riemann surface. This was one of the motivations for my study. Note that the viewpoint to see a prime as a loop has been known in the study of closed geodesics on a Riemannian manifold or of closed orbits of a dynamical system ( [7] , [80] ). However, our analogy is proper in 3-dimension in the respect that we consider the local analogies such as (1.2) and (1.6).
Linking numbers and Legendre symbols
The origins of knot theory and algebraic number theory may be found in the works by Gauss on linking numbers ( [14] ) and quadratic residues ( [13] ). When we re-examine both notions from the viewpoint of the analogies in Section 1, we find the close analogy between them. This is another motivation for my work.
One way to detect the linking number is to regard it as a monodromy. To avoid the ambiguity of sign of the linking number caused by the orientation, we consider the mod 2 linking number. Suppose that K ∪ L is a link of two components in S 3 . Take the unique unbranched double cover Y K → X K := S 3 \ K. We then get the linking number lk(K, L) mod 2 as the covering transformation defined by a longitude β L around L:
Another way to get the linking number is to use the intersection number of K with the Seifert surface Σ of L, ∂Σ = L. Namely, we get the linking number as the cup product of the cohomology classes K and Σ: For
On the other hand, suppose that p and q are distinct odd prime numbers. Since the quadratic extension Q( √ p)/Q is ramified only over p if and only if p ≡ 1 mod 4, we assume that p, q ≡ 1 mod 4. Take the uniqueétale double covering
, where Y q is the spectrum of the normalization of Z[ 
As in the case of a link, the Legendre symbol is also interpreted as an "intersection number". Firstly, we regard a prime (q) as the dual of a "meridian" around (q), namely the Kummer character
we define the class of a "Seifert surface" of (q) by the class
On the other hand, we identify a "knot" (p) with 
By the construction, we obtain again the relation (2.1) (cf. [87] ). Hence, the Legendre symbol is nothing but the mod 2 linking number and the Gauss reciprocity law corresponds to the symmetry of the linking number:
Among many proofs Gauss gave to the quadratic reciprocity law, there is a way to express the Legendre symbol using a Gaussian sum:
where ζ is a primitive p-th root of unity in F q . Note that the Gaussian sum x∈Fp ζ x 2 is an analogue over F p of the Gaussian integral R e −x 2 dx. On the other hand, Gauss showed the following integral expression of the linking number in his study of electro-magnetic theory ( [14] ):
. We now rewrite Gauss' integral formula in a gauge-theoretic way ( [34, 3.3] ). Namely, for a framed link
Here the integral of the l.h.s is the Feynman integral over the space A(R 3 ) of R-valued differential 1-forms on R 3 . Since the integrals R 3 a ∧ da and K i a define quadratic and linear forms on A(R 3 ) respectively, the Feynman integral in (2.4) is regarded as an infinite dimensional analogue of the Gaussian integral. Thus we may observe an analogy between (2.3) and (2.4).
Link groups and pro-l Galois groups with restricted ramification
As explained in Section 1, our basic idea is to regard the Galois group
Since the group G S is so huge, we consider its maximal pro-l quotient G S (l) for a prime number l. Due to the works by I.Šafarevič, H. Koch etc, one has better understanding on pro-l extensions of number fields ( [33] ). In fact, we find an analogy between a theorem by Koch on G S (l) and a theorem by J. Milnor on G L . In the following, we denote by {G (d) } d≥1 the lower central series of a topological group G, which is defined by
. After the work of K.T. Chen, Milnor derived the following information on the presentation of the nilpotent quotients of G L .
Theorem 3.1 ([48]
). Let F be the free group generated by x 1 , . . . , x n . For each d ≥ 1, there is a word y
Here x 1 , · · · , x n is the basis of the free group F where x i represents a meridian α i of K i and y
is the word in F representing the image of a longitude
L . We also have the following relation:
L .
Milnor's Theorem 3.1 is extended for a link in any homology 3-sphere ( [84] ).
The following theorem tells us that any link in a homology 3-sphere looks like a pure braid link after the pro-l completion of the link group where l is a prime number.
has the following presentation:
where x i represents a meridian of K i and y i is the pro-l word representaing a longitude of K i .
Applying the method by D. Anick ([1]) to Theorem 3.2, we obtain the following theorem (pro-l version of a conjecture of K. Murasugi ([41] , [43] )) on the structure of the lower central series of the link group
. Let D L (l) be the mod l linking diagram, namely the graph whose vertices are components of L, with two vertices K i and K j being joined by an edge if lk(
is a free Z l -module whose Z l -rank a d is given by:
In particular, we have an isomorphism
for d ≥ 1 where F r stands for a free pro-l group of rank r.
On the other hand, for a given prime number l,
, namely the Galois group Gal(Q S (l)/Q) of the maximal pro-l extension Q S (l) over Q unramified outside l. Koch derived the following information on the presentation of G S (l).
Theorem 3.4 ([33]
, [51] ). The pro-l group G S (l) has the following presentation:
where x i represents a monodromy τ i over p i and y i represents an extension of the Frobenius automorphism σ i over p i . The mod l linking number lk l (p i , p j ) ∈ F l is given by
where ζ l a suitably chosen primitive l-th root of 1 and (p j /p i ) l is the l-th power residue symbol in Q p i .
The analogy between Theorem 3.1 (or 3.2) and Theorem 3.4 is clear and explains the analogy between the linking number and the power residue symbol group-theoretically. We observe that the relations [x i , y i ] = 1 and
respectively. Furthermore, as Milnor's theorem is extended for a link in any homology 3-sphere, Koch's theorem can be generalized for a finite set of primes in a number field: Let k be a number field containing a primitive l-th root of unity and S = {p 1 , · · · , p n } a finite set of n distinct primes such that
Theorem 3.5 ([33]).
Assume that k contains a primitive l-th root of unity and B S = 1 and that the class number of k is prime to l. Then the maximal pro-l quotient
where x i represents a monodromy τ i over p i and y i represents an extension of the Frobenius automorphism σ i over p i .
An arithmetic analogue of the Murasugi conjecture for the Galois group G S (l) is a more delicate problem. In fact, we can not expect an analogy for primes in the case l > 2, since the linking number lk l (p i , p j ) is not symmetric. However, J. Labute showed recently the following theorem on the l-lower
The mod l linking graph D S (l) of S is defined by the graph whose vertices are primes of S, with two vertices (p i ) and (p j ) being joined by an edge if lk l (p i , p j ) = 0.
Then we have the following formula:
For the case that p = 2 and p i ≡ 1 mod 4, the mod 2 linking number lk 2 (p i , p j ) is symmetric and we may expect an analogue of the Murasugi conjecture for the Zassenhaus filtration of G S (2). However we do not have such a result in terms of the graph D S (2) yet. For the study of G S (l) by the linking graph D S (l), we also refer to [74] .
Milnor invariants and multiple power residue symbols
The Milnor µ-invariants for a link were introduced by Milnor ([48] ) and the relation with Massey products was proven by V. Turaev ([84] ) and R. Porter ([67] ). Based on the analogy between a link group and a pro-l Galois group with restricted ramification in Section 3, we can introduce arithmetic analogues of the Milnor invariants and Massey products for prime numbers which generalize the power residue symbols and Rédei triple symbols ( [69] ). The basic tool is a pro-l version ( [23] ) of the Fox free differential calculus ( [5] ).
(or a homology 3-sphere), and let F be the free group generated by the words x 1 , . . . , x n where each x i represents a meridian α i of K i as in Section 3. Let Z X 1 , · · · , X n be the ring of formal power series in non-commuting variables X 1 , · · · , X n and let M : F ֒→ Z X 1 , · · · , X n × be the Magnus embedding defined by sending x i to 1 + X i . We then expand the longitude y
Alternative description of µ(i 1 · · · i r j) is given using the Fox free differential calculus on the group ring Z[F ] ( [5] ):
where ǫ is the augmentation homomorphism Z[F ] → Z. For a multi-index I, let ∆(I) be the ideal of Z generated by µ(J) where J ranges over all cyclic permutations of proper subsequences of I, and we define the Milnor µ-invariant by µ(I) := µ(I) mod ∆(I).
Milnor showed the followings.
(2) The Milnor µ-invarints µ(I) are isotropy invariants of L for |I| < d, where |I| stands for the length of I.
We have the following symmetry relations: 
be the Borromean rings. Then we have µ(ij) = lk(K i , K j ) = 0 for all i, j and µ(ijk) = ±1 for any permutation ijk of 123.
Whitehead link Borromean ring
As the linking number is an invariant of an abelian covering, the Milnor invariants are interpreted as covering invariants in nilpotent coverings over S 3 as follows. Let N r (R) be the group of all upper triangular r × r matrices with 1 along the diagonal entries over a ring R. For a multi-index I = (i 1 · · · i r ) (r ≥ 2), we define a nilpotent representation ρ I : F −→ N r (Z/∆(I)) by 
with Galois group N r (Z/∆(I)), and for a longitude β ir around K ir , we have
The Milnor invariants are also interpreted in terms of the Massey products in the cohomology of the complement
. . , ξ n be the basis of H 1 (X L , Z) dual to the meridians α 1 , . . . , α n , and let η j ∈ H 2 (X L , Z) be the class realized by the boundary ∂V K j , V K j being a tubular neighborhood around K j . Then we have the following [84] ). For I = (i 1 · · · i r ), there is a defining system M for the Massey product
otherwise.
On the other hand, let S = {(p 1 ), . . . , (p n )}, p i ≡ 1 mod l, be a set of n distinct primes as in Section 3, and letF be the free pro-l group generated by the words x 1 , . . . , x n where each x i represents the monodromy τ i over p i in the Galois group G S (l). We set e S := max{e | p i ≡ 1 mod l e (∀i)} and fix m = l e (1 ≤ e ≤ e S ). Let Z l X 1 , · · · , X n be the ring of formal power series in noncommuting variables X 1 , · · · , X n over Z l and letM :F ֒→ Z l X 1 , · · · , X n × be the Magnus embedding over Z l defined by sending x i to 1 + X i . We then expand the Frobenius y j over p j by monodromies: 
e S , let ∆(I) be the ideal of Z/mZ generated by the binomial coefficients As in the case of a link, the Milnor µ m -invariants describes the decomposition law of a prime in nilpotent extensions of Q. For a multi-index
where we set ǫ(α) m = ǫ l (α) mod m. 
For example, for S = {13, 61, 937}, we have the same relations which the Borromean ring satisfies (Example 4.2 (2)): µ 2 (ij) = lk 2 (p i , p j ) = 0 for any i = j, µ 2 (ijk) = 1 for any permutation of 123 and µ 2 (ijk) = 0 otherwise. This triple may be called mod 2 "Borromean primes".
As in the case of a link, our arithmetic Milnor invariants are interpreted as Massey products in theétale cohomology of the complement X S := Spec(Z) \ S. Let ξ 1 , . . . , ξ n be the basis of H 1 (X S , Z/mZ) dual to the monodromies τ 1 , . . . , τ n and let η j ∈ H 2 (X S , Z/mZ) be the image of the canonical generator of H 2 (Spec(Q p i ), Z/mZ).
Theorem 4.9 ([54]
). Let I = (i 1 · · · i r ) be a multi-index with 2 ≤ r ≤ l e S . Then there is a defining system M for the Massey product ξ i 1 , · · · , ξ ir in H 2 (X S , (Z/mZ)/∆(I)) so that we have
This generalizes the well-known relationship between power residue symbols and cup products ( [33, 8.11] ) and in particular gives a cohomological interpretation of the Rédei triple symbol. Though the Milnor invariants µ m (I) are defined by using the Galois group G S (l), the Massey product interpretation shows that they depend only on X S (and l). Finally, we give an extension of the Milnor invariants to number fields. Let k and S be a pair of a number field and a finite set of primes which satisfies the conditions in Theorem 3.5. By Theorem 3.5, we can introduce the Milnor µ m -invariants in the same manner as in the case of Q. We then define the multiple power residue symbols for primes by
which may be regarded as a multiple generalization of the Legendre and Rédei symbols to a number field.
Homology groups and ideal class groups
The notion of an ideal class group goes back to Gauss' theory on binary quadratic forms. In terms of number fields, Gauss showed that ideal classes of a quadratic number field form an finite abelian group and determined the structure of genera classifying ideal classes. These notions and results are clearly understood and generalized naturally from the standpoint of the analogy with knot theory. In the rest of this paper, chain and homology groups are assumed to have the integral coefficient Z, and denoted simply by C * (M), H * (M) etc.
For a 3-manifold M, all knots in M generate the group Z 1 (M) of 1-cycles and the 1st homology group H 1 (M) is defined to be the quotient of Z 1 (M) by the subgroup made of the boundaries ∂Σ for 2-cycles Σ. Similarly, for a number field k, all prime ideals of O k generate the ideal group I k and the (narrow) ideal class group H k is defined to be the quotient of I k by the subgroup made of principal ideals (a) for (totally positive) a ∈ k × :
First, let us recall Gauss' theory of genera. Let k/Q be a quadratic number field ramified over n distinct odd prime numbers p 1 , . . . , p n . Two ideals I and J are said to be in the same genus if 
According to the analogies (2.2) and (5.1), we have an analogue of Gauss' genus theory for a link as follows. Let f : M → S 3 be a double covering of closed 3-manifolds branched along a link K 1 ∪ · · · ∪ K n of n components. We say that 1-cycles a, b are in the same genus if lk(f * (a), 52] , [71] , [73] ) that homology classes in the genus of the identity form 2H 1 (M), and the correspondence [c] → (lk(f * (c), K 1 ) mod 2, · · · , lk(f * (c), K n ) mod 2) induces an isomorphism
Thanks to Gauss' genus theory, the 2-Sylow subgroup H k (2) of the narrow ideal class group of the quadratic field k has the form
Hence the 2-rank of H k is determined by the number of ramified prime numbers in k/Q. Since Gauss' time, it has been a problem to determine the whole structure of H k (2), namely to express the 2 d -rank of H k (2) for d > 1 in terms of the quantities related to p 1 , · · · , p n ( [88] ). Among many works on this problem, Rédei ([69] ) expressed the 4-rank by using a matrix whose entries are given by the Legendre symbols involving p i 's. According to the analogy (2.2), we find that Rédei's matrix is nothing but the arithmetic analogue of the mod 2 linking matrix. Therefore it would be a natural generalization to express the 2 d -rank by using a "higher linking matrix" involving the Milnor numbers in Section 4. In fact, we can show such a formula for a link, and then, imitating the method for a link, we can obtain an higher order generalization of Gauss' genus theory.
Let us generalize the setting a little bit. Let L = K 1 ∪ · · · ∪ K n be a link of n components in S 3 . For a given prime number l, let ψ : G L → t | t l = 1 be the homomorphism sending each meridian of K i to t, and let M be the completion of the l-fold cyclic covering of X L corresponding to the kernel of ψ. We assume that M is a rational homology 3-sphere. As in the case that l = 2 described above, the homomorphism
. Therefore, the l-Sylow subgroup H 1 (M)(p) of H 1 (M) regarded as a module over the complete discrete valuation ring
as O-module. Set π := ζ − 1. Using the Milnor number µ(I) (|I| < d + 1) in Section 4, we define the d-th
gives a presentation matrix of the
Corollary 5.3 ([21]). (1)
We have
where
(2) Suppose that n = 2. Under the assumption that e d = 1 (d ≥ 1), we have
The prototype of the matrix T On the other hand, let S = {(p 1 ), · · · , (p n )}, p i ≡ 1 mod l, be a finite set of primes as in Section 4. Let ψ : G S (l) → t | t l = 1 be the homomorphism sending each monodromy over p i to t, and let k be the cyclic extension of Q of degree l corresponding to the kernel of ψ. Let µ l be the group of l-th roots of unity and fix an embedding
). Hence the l-Sylow subgroup H k (l) of the narrow ideal class group H k has p-rank n − 1 so that we have
as O-module. The p d -rank e d is also described by the arithmetic higher linking matrix T
Theorem 5.5 ([58],[59]). For d ≥ 2, we haveF
In particular, as an analogue of Cororally 5.3, we have the following formula which generalizes Rédei's ( [73] ) for the case l = d = 2.
Corollary 5.6 ([58],[59]). (1)
where T S = (T S (i, j)) is the arithmetic linking matrix defined by
For the proof, we introduce an arithmetic analogue of the reduced Alexander matrix for the Galois group G S (l) and translate the whole argument in the case of a link into our arithmetic situation. Hence e 2 = 2, e 3 = 0. By Theorem 5.5, we have
As we mentioned above, our proof of Theorem 5.5 is, as a way of thinking, similar to Iwasawa theory and uses only the classic tools in the arithmetic of pro-p extensions. Accordingly, it is a result that should have been obtainable in the 1960's. The reasons for it's going unnoticed seems to be the fact that, at that time, a number field was considered an analogue of a function field and analogues of Milner's invariants were yet to be considered for function fields. (Recently, Y. Terashima and the author ( [61] ) introduced a multiple generalization of the tame symbol on a Riemann surface using the Massey products in the Deligne cohomology.) However, once a prime is regarded as a knot not only does our result follows, but a natural generalization along the original line of thought of Gauss follows.
3-manifold coverings and number field extensions
Any oriented, connected closed 3-manifold is realized as a finite covering of S 3 ramified along a link (J. W. Alexander), just as any number field is a finite extension of Q ramified over a finite set of prime numbers. Hence we may expect that there would be conceptual analogies between 3-manifold coverings and number field extensions. First, let us remind a dictionary of the basic analogies between 3-manifolds and number rings ( [8] , [28] , [55] , [56] , [59] , [70] , [71] ):
Hurewicz isomorphism ←→ unramified classfield theory
We note that these analogies are conceptual and we do not claim that there is a precise one to one correspondence between knots and primes, 3-manifolds and number fields. For example, one has π 1 (Spec(O k )) = 1 for any imaginary quadratic field k with class number 1. As an analogy of the Poincaré conjecture for number rings, we have the following: Suppose that k is a number field whose ring of integers O k is "cohomologically
where H * c stands for the compactly-supportedétale cohomology taking the infinite prime into account ( [47, II] ). This assertion follows from the Artin-Verdier duality (classfield theory) and Dirichlet's unit theorem. Here we notice that Dirichlet's unit theorem is essentially of analytic nature. According to our analogy, the difficulty of the original Poincaré conjecture may be coming from that of the corresponding analytic method-gauge theory-in topology.
In the following, in light of the above dictionary, we shall discuss analogies of the three classical theories, Hilbert theory, capitulation problem and class towers, in the context of 3-manifold topology.
6.1. Hilbert theory. The Hilbert theory describes the structure of the decomposition of a prime in an extension of number fields. Similarly, we have a topological analogue of the Hilbert theory, which describes the structure of the decomposition of a knot in a 3-manifold covering ( [59] ).
Let f : N → M be a covering of closed 3-manifolds of finite degree n ramified over a link L. Let K be a knot in M which is a component of L or disjoint from L and let f −1 (K) = K 1 ∪ · · · ∪ K r , a link of r = r(K) components. Let V K be a tubular neighborhood of K and let V i be the con-
. Take a finite covering g :N → N such that the composite f • g :N → M is a Galois covering ramified over L, and set G = Gal(N/M), H = Gal(N /N). Then ψ factors through G and is identified with the permutation representation of G on H\G = {Hσ 1 , · · · , Hσ n }. For a knotK inN over K, we define the decomposition group ofK by
Each σ ∈ D(K) induces a covering transformation ofK over K and we have a homomorphism D(K) ∋ σ → σ|K ∈ Gal(K/K). We define the inertia group ofK by
For another choice ofK over K, G(K) and I(K) are changed up to conjugates. The set of orbits O j of f −1 (b) under the action of D(K) via ψ is identified with the set of knots K i 's:
In a geometric term, the orbit O j corresponding to K j is given by the set of b i such that b i ∈ ∂V j . We define f (K j ) by the covering degree of K j over K and the ramification index e(K j ) of K j by by #O j /f (K j ). Then we have the basic identity
For a Galois covering f : N → M with Galois group G, the ramification indices and covering degrees are independent of K j and denoted by e(K) and f (K) respectively.
Theorem 6.1.1 ( [55] , [59] , [76] ). Let f : N → M be a Galois covering. Notations being as above, we have the exact sequence
is generated normaly by meridians of the components of L. This condition is satisfied when M is a homology 3-sphere (Wirtinger presentation). Then we have the following analogue of the arithmetic progression theorem. [76] ). For any conjugacy class C of Gal(N/M), there are infinitely many knots K (up to ambient isotopy) in M \L so that the conjugacy class of the image of
6.2. Capitulation problem. For a given extension F/E of number fields, the capitulation problem is concerned about the structure of the kernel of the homomorphism H E → H F asscociated to the extension of ideals. It came originally from the principal ideal theorem, due to Ph. Furtwängler, which asserts that any ideal class of a number field becomes principle in the Hilbert classfield. Since the problem is translated into a purely group-theoretical problem on the transfer by means of the Artin reciprocity, we can discuss 3-manifold analogues of capitulation theorems by means of the Hurewicz isomorphism.
Let N → M be a finite abelian covering of path-connected topological manifolds and let t N/M : H 1 (M, Z) → H 1 (N, Z) be the transfer map. A topological analogue of the capitulation problem is concerned with the abelian group C N/M := Ker(t N/M ). Let M a and N a be the maximal abelian coverings of M and N respectively. Then we have the commutative diagram
where the horizontal maps are Hurewicz isomorphisms and V Γ/H is the grouptransfer. Hence we have In particular, we have a topological analogue of the principal ideal theorem. Theorem 6.2.1 can be generalized to the case where
Let f : N → M be a finite abelian covering of closed 3-manifolds with Galois group G. By using the Poincaré duality
, we can show the following:
If N is a rational homology 3-sphere, we have an isomorphism
(2) Assume that M is a rational homology 3-sphere and G is cyclic. Then we have the equality
Since H 2 (N) is an analogue of a unit group, Theorem 6.2.2, (2) is seen as an analogue of the classical Chevalley-Tate theorem.
6.3. Class towers. The class field tower problem asks whether there is a finite number field k such that infinite tower of Hilbert l-classfields over k exists, equivalently, the maximal pro-l quotient
is infinite. An affirmative answer was given by Golod andŠafarevič ( [15] ), and their method and its variants are also applicable to 3-manifold groups. In the following, l stands for a prime number.
The essential part in Golod andŠafarevič's argument is to show that the equality dim
holds for a finite l group G. It follows from this that π 1 (Spec(O k ))(l) is an infinte (non-analytic) pro-l group if the inequality
holds for the l-ranks r(k) and s(k) of
l respectively (It has been conjectured by Fontaine and Mazur that π 1 (Spec(O k ))(l) is non-analytic whenever it is infinite). To discuss an analogy of the class tower problem over a 3-manifold M, we may assume that M is a rational homology 3-sphere. In particular, we have H 2 (M, Z) = 0 and an analogy of Golod-Šafarevič's inequality (6.3.1) for M becomes dim F l H 1 (M, F l ) ≥ 4 for a prime number l in view of the analogy between H 2 (M, Z) and the unit group of a number field. In fact, under this Golod-Šafarevič's condition, it is shown that π 1 (M) has infinitely decreasing lower central series and enjoys the exponential word growth property ( [75] , [85] ), in particular, the pro-l completion of π 1 (M) is not l-adic analytic. Futhermore, Reznikov has obtained deeper theorems on the exponential subgroup growth conjecture for 3-manifold groups, which was conjectured by A. Lubotzky for hyperbolic 3-manifolds, by reducing the problem to Artin's primitive root problem. [72] ). (1) Let M be a 3-manifold whose any finite covering is a rational homology 3-sphere and let M = M 1 ← M 2 ← · · · ← M n ← · · · be the tower of maximal abelian l-coverings. Write r(M n ) for the l-rank of H 1 (M n , Z) and assume r(M) ≥ 4. Then M has the infinite l-class tower. More precisely, we have the inequality
and the pro-l completion of π 1 (M) is an infinite and non-analytic pro-l group.
(2) Assume that M hyperbolic or that M is a rational homology 3-sphere whose Casson invariant is greater than the number of representations of π 1 (M) to SL 2 (F 5 )). Then there are positive constants c 1 , c 2 such that for infinitely many d, the number of subgroups of index
We note that analogues of Reznikov's theorem for number fields are completely unknown. This is the area remained to be explored in classical algebraic number theory (cf. [3] ).
Alexander-Fox, torsion theory and Iwasawa theory
Based on the analogy between a Z p -extension of a number field and the infinite cyclic covering of a knot complement, there are close paralells between Alexander-Fox theory and Iwasawa theory. Furthermore, the Iwasawa main conjecture, which relates Iwasawa polynomials with p-adic analytic zeta functions, may be seen as an analogue of the relation between Reidemeister torsions and analytic torsions.
Let K be a knot in a rational homology 3-sphere M and X = M \ K. Since H 1 (X) = α ⊕ (finite group), we take the infinite cyclic covering X ∞ → X, Gal(X ∞ /X) = α , corresponding to α = Z. For simplicity, we assume that we can take α to be a meridian of K. The homology group H 1 (X ∞ ) is then a module over the Laurent polynomial ring Λ := Z[Gal(X ∞ /X)] = Z[t ±1 ] (α ↔ t) and called the knot module of K. The i-th elementary ideal J i of the Λ-module H 1 (X ∞ ) is called the i-th Alexander ideal and a generator of its divisorial hull ∩(J i ) p (p running over prime ideals of Λ of height 1) is called the i-th Alexander polynomial (cf. [21] ). For the case that M = S 3 , the ideal J i is described in terms of the Fox free calculus as follows: Given a Wirtinger presentation G K = x 1 , . . . , x n | r 1 = · · · = r n−1 = 1 , let F = x 1 , . . . , x n π → G K ψ → t be the natural map. Then J i−1 is given by the ideal generated by (n − i)-minors of the Alexander matrix (ψ • π(∂r i /∂x j )) (i ≥ 1). In particular, a generator ∆ K (t) of J 0 is called the Alexander polynomial of K and also given as the characteristic polynomial of the action of the meridian α on the knot module H 1 (X ∞ ):
Denoting by M n the Fox completion of the n-fold cyclic subcovering of X ∞ → X, we have
. From this, we obtain the asymptotic formula #H 1 (M n ) = ab n (n >> 0; log b is the Mahler measure of ∆ K (t)) if ∆ K (ζ) = 0 for any n-th root ζ of unity, n ≥ 1 ( [66] , [77] ). Further, for the p-primary part of H 1 (M p n ) where p is a given prime number, we have #H 1 (M p n )(p) = p λn+µp n +ν (n >> 0; λ = deg(∆ K ), µ, ν being constants) ( [21] , [27] ). For the case M = S 3 , we see H 1 (M p n )(p) = 0 for any n ≥ 0.
On the other hand, let p be a prime number and k a number field of finite degree over Q, and consider a Z p -extension k ∞ of k with Gal(k ∞ /k) = γ = Z p . For simplicity, we assume that there exists only one prime p of k lying over p and that p is totally ramified in k ∞ /k. Denote by k n the cyclic subextension of k ∞ /k of degree p n over k and by H n the p-Sylow subgroup of the ideal class group of k n for n ≥ 0. The Iwasawa module of (p, k) is then defined by H ∞ := lim ← −n H n (projective limit being taken with respect to the norm maps), which is regarded as a module over the Iwasawa algebrâ
. The i-th elementary ideal of theΛ-module H ∞ is called the i-th Iwasawa ideal and a polynomial generator of its divisorial hull is called the i-th Iwasawa polynomial. As in the case of a knot, the i-th Iwasawa ideal may be described in terms of the pro-p Fox free calculus by using a presentation of the pro-p Galois group Gal(k ∞ /k) of the maximal unramified pro-p extensionk ∞ of k ∞ over k. In particular, as an analogue of (7.1), the 0-th Iwasawa polynomial is given by the characteristic polynomial of the action of monodromy γ on the Iwasawa module H ∞ (up to a power p µ of p):
In view of the analogy with the function field of an algebraic curve over a finite field, γ is regarded as an analogue of the Frobenius automorphism of the unramified extension arising from the constant field extension. We note, however, that it is more natural to regard γ as an analogue of the meridian α, because γ is a generator of the inertia group of the ramified extension k ∞ /k over p. As in the case of a knot, the Iwasawa module H ∞ controls all H n for n ≥ 0, namely we have H n = H ∞ /(γ p n − 1)H ∞ , and in particular the Iwasawa formula #H n = p λn+µp n +ν (n >> 0; λ = deg(I p (T )), µ, ν are constants). For k = Q, we have H n = 0 for any n ≥ 0. In particular, the Iwasawa λ-invariant is seen as an analog of twice of the genus of a knot in case that a knot is fibred.
In fact, we can construct the Alexander (resp. Iwasawa) module as the ψ-diffrential module for any group (resp. pro-p group) G and a homomorphism ψ : G → Z (resp. Z p ) ( [20] , [51] ), and the analogies discussed above are consequences obtained in this general group-theoretic framework. Furthermore, the both theories are generalized to those on the twisted Alexander module (resp. twisted Iwasawa module, called usually Selmer group) associated to a complex representation of a knot group (resp. p-adic representation of a Galois group) ( [16] , [31] ). In both theories, however, the deeper aspect is the connection of these algebraic invariants with (p-adic) analytic zeta functions.
be the chain complex with coefficient ρ and H * (X, ρ) the homology groups. An important role in the theory of torsions is played by the Euler isomorphism Eu : det C * (X, ρ)
Choosing a basis b = {b i } of C * (X, ρ), the Reidemeister torsion τ (X, ρ) := Eu(det(b)) is defined up to ± det(ρ(G K )) and gives a topological invariant of (X, ρ). For the case that F = C(t) and ρ = ψ :
× is the universal family of 1-dimensional representations, C * (X, ψ) is acyclic and τ (X, ρ) is essentially given by the Alexander polynomial ∆ K (t) of K. In the follow-ing, we assume that F = R and ρ is an orthogonal representation. Since X is a compact manifold with boundary, we define the Reidemeister torsion τ = τ (X, ∂X; ρ) by using the relative chain complex C * (X, ∂X; ρ) (well defined up to ±1). Let ρ * be the adjoint representation of ρ and E ρ * the associated flat vector bundle over X. We may assume that the Riemannian metric of X is given as a direct product near ∂X. Using the metrics on X and E ρ * , we regard Ω i (X, ρ * ) of E ρ * -valued i-forms as a Hilbert space. Set Ω i (X, ∂X; ρ * ) = {ω ∈ Ω i (X, ρ * ) | ω| ∂X = δω| ∂X = 0} (δ being the adjoint operator of the differential d) and we define the spectral zeta function of the Laplace operator
, where λ i runs over positive eigenvalues of ∆ i | Ω i (X,∂X;ρ * ) . It is shown that ζ i (ρ * , s) is continued meromorphically to the C-plane and that it is holomorphic at s = 0. Via the de Rham isomorphism with the space of harmonic forms, H i (X, ∂X; ρ) is equipped with a norm | · |. Take a basis ξ ∈ det H i (X, ∂X; ρ) such that |ξ| = 1 and we define the zeta element z(X, ρ) by τ ⊗ ξ. Then J.Cheeger-W.Müller-W.Lück's theorem ( [39] ) is stated as follows: z(X, ρ) is mapped to ± exp(
On the other hand, the Iwasawa polynomial is also related with a (p-adic) analytic zeta function. This connection is called the Iwasawa main conjecture. For a prime number p > 2, let X = Spec(Z) \ {(p)} and
and µ p ∞ stands for the group of all p n -th roots of unity for n ≥ 1. As in the case of the Alexander polynomial, the Iwasawa polynomial is regarded as a part of the determinant module det H * (X, ψ) ⊗Λ Q(Λ) (Q(Λ) being the total quotient ring ofΛ). K. Kato ([30] [79] ) also showed a geometric analogue of the Iwasawa main conjecture for a hyperbolic 3-manifold having an infinite cyclic cover. It should also be mentioned that torsion theory is generalized to an equivariant theory (where a manifold has a group action) using the K-groups of group von Neumann algebras (L 2 -torsion theory), while equivariant versions of the BlochKato conjecture and Iwasawa theory are also studied using the K-groups of completed group algebras (cf. [4] , [40] ).
Moduli and deformations of representations of knot and prime groups
From the viewpoint of the analogy between the knot group G K = π 1 (S 3 \K) and the prime group G {(p)} = π 1 (Spec(Z) \ {(p)}), one may expect that there would also be analogies between the moduli(deformation) spaces of representations of G K and G {(p)} . In the following, we discuss some analogies on these moduli(deformation) spaces and invariants defined on them.
For a knot K ⊂ S 3 and a tubular neighborhood V K of K, we choose a meridian α and a longitude β on ∂V K and set I K := α ⊂ D K := π 1 (∂V K ). On the other hand, for a prime number p, we set I {(p)} := the inertia group over p ⊂ D {(p)} := π 1 (Spec(Q p )). According to (1.6) , the restriction of a representation of G K (resp. G {(p)} ) to D K (resp. D {(p)} ) gives an important information as a "boundary condition".
First, consider the set of 1-dimensional complex representations of the knot group G K : X 1 K = Hom(G K , C × ). Since G K is generated by the conjugates of I K , ρ ∈ X In particular, We have ∆ K (ρ(α)) = 0 ⇔ dim C H 1 (G K , ρ) > 0 ( [38] ).
Next, consider 2-dimensional representations of G K . Since H 2 (G K , Z/2Z) = H 2 (S 3 \ K, Z/2Z) = 0, a representation G K → P GL 2 (C) = P SL 2 (C) can always be lifted to a representation to SL 2 (C). Hence we may consider only representations of G K to SL 2 (C) if the center of G K is trivial (this is the case except torus knots). In the following, we suppose that S 3 \ K is a complete hyperbolic 3-manifold with finite volume (This is satisfied unless K is a torus knot or satellite knot). Let X We set χ ρ (α) = exp(x K (ρ)), χ ρ (β) = exp(y K (ρ)). Then x K , y K are lifted to holomorphic functions, denoted by the same x K , y K respectively, on the deformation space U of hyperbolic structures on S 3 \ K, which is a double covering of V branched at the complete hyperbolic structure z o lying over ρ o so that x K gives a local coordinate of U around z o . Let q K be the multiplicative period of ∂V K : ∂V K = C × /q Z K . Then Neumann-Zagier showed the following relation ( [64] ):
We also note that the integral z 0 y K dx K gives (essentially) the SL 2 (C) ChernSimons invariant for the holonomy representation associated to z ( [62] ).
On the other hand, for a prime number p, we consider infinitesimal deformations of a given mod p representationρ : G {(p)} → GL n (F p ). Namely we call a pair (R, ρ) a deformation ofρ if R is a complete noetherian local ring with residue field R/m R = F p (m R being the maximal ideal of R) and ρ is a continuous representaion G {(p)} → GL n (R) such that ρ mod m R =ρ. For simplicity, we assume in the following thatρ is absolutely irreducible. Due to Mazur's fundamental theorem in Galois deformation theory ( [45] ), there are the universal deformation ring R n (ρ) and the universal deformation ρ n : G {(p)} → GL n (R n (ρ)) ofρ such that any deformation (R, ρ) ofρ is given by ϕ • ρ n = P • ρ • P −1 (P ∈ I n + M n (m R )) for a Z p -algebra homomorphism ϕ : R n (ρ) → R. We then define the universal deformation space ofρ by the rigid analytic space X n p (ρ) := Hom c (R n (ρ), C p ) where C p be the p-adic completion of an algebraic closure of Q p . We write ρ ϕ for the representation ϕ • ρ n over C p corresponding to ϕ ∈ X n p (ρ). In the following, we assume p > 2 for simplicity.
First, consider the deformation space X × is given by ρ 1 (g) =ρ(g)g p whereρ is the Teichmüller lift ofρ and g p is the image of g under the natural map G {(p)} → Γ. Hence X 1 p (ρ) is identified with the p-adic unit disk D 1 p := {x ∈ C p | |x| p < 1} via the correspondence ϕ → ϕ(T ) = ϕ(γ)−1. Then we have an analogy of Hironaka's theorem (8.1) as [62] ). Furthermore, it would also be an interesting problem to extend the analogy between (8.1) and (8.3) for higher dimensional representations (cf. [46] ).
Finally, we mention some related works. M. Kapranov ([28] ) pointed out the analogies between the structures of topological quantum field theory (M. Atiyah) and Langlands correspondence, where Witten invariants defined as Feynman integrals correspond to automorphic L-functions defined as integrals on adele groups. This work is closely related to our analogies in spirit. On the other hand, M. Kontsevich ([35] ) reconstructed the Witten invariants of knots as the universal quantum invariants which turned out to be related, via the Drinfeld associator, with the arithmetic objects such as multiple zeta values and the absolute Galois group Gal(Q/Q) ( [2] , [9] , [24] ). It would be an interesting problem to find a connection between our analogies and the arithmetic aspect appearing in the study of the Kontsevich invariants.
